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Exercise 5

(a) Let a denote any fixed real number and show that the two square roots of a + i are
+VA exp (z%)

where A = va? 4+ 1 and o = Arg(a + 7).

(b) With the aid of the trigonometric identities (4) in Example 3 of Sec. 10, show that the
square roots obtained in part (a) can be written

+ \/A+a+i\/A—a>.

1
vl

(Note that this becomes the final result in Example 3, Sec. 10, when a = v/3.)

Solution
Part (a)

For a nonzero complex number z = re/(©+27k)

J1/2 {rei(@JrQﬂ'k)} 1/2 =12 exp <Z@+27Tk> , k=0,1.

, its square roots are

2

The magnitude and principal argument of a + ¢ are respectively

r=va2+12=+va2+1 and O = Arg(a+1),

SO

1/2 ;
(a+i)/?% = ( a? + 1) exp (Z,Arg(a +2Z) + 27Tk> =V Aexp (ia +227Tk>

= Aexp(i%)ei”k, k=0,1.

The first root (k = 0) is

(a2 = Ve (i2).

and the second root (k=1) is

(a+19)% =VAexp (z%) e™ =V Aexp (z%) (cosm +isinm) = VAexp (z%) (—1+140)

= —VAexp (z%) .
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Part (b)

The trigonometric identities (4) in Example 3 of Sec. 10 are

1 1—
cos? % _ Ltcosa ;osa, sin? % = 7;08a. (4)

Take the square roots of both sides of each equation.

/1 /1—
cos%:j: +;osoz7 sin 7_j: COoSs (v

Since a is real, a = Arg(a + ©) is either in the first or second quadrant (0 < a < 7). This means
that «/2 is in the first quadrant, so the positive signs are chosen.

« /14 cos« L« /1 — cos«
COS — = e Sln — = [
2 2 ’ 2 2

The square roots of (a + )'/? become

(a + i)1/2 = +VAexp (z%)

= :l:\/z (cos% + ¢sin %)

:im<\/1+gosa+i\/l—§osa)

— 12 (\/A+Acosa+2\/A Acosa)

Suppose first that a is positive. Then

a = Arg(a +i) = tan™ "

Q

and
11

cosa = costan ~ —
a

Draw the implied right triangle to determine the cosine.

a +1

p—

a
As a result,
a4 ¢ —  Acosa=a
COSON = ———— = — =
Vaz+1 A
and

(a—|—z)1/2 \}Q(\/A—l—a—kz'\/A—a).
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Suppose secondly that a is negative. Then
. 41
a=Argla+i)=tan” —+7
a
and

1 1 1 1
COS @ = COS <tan1 -+ 7r> = COoS (— tan~! = — 77) = COS (‘cam1 = 7T> = —costan"t —.
a a —a —a

Draw the implied right triangle to determine the cosine.

As a result,

—  Acosa=a

| e

(75) -7
cosa = — = =
a?+1 a? +1

and

(a+i)'/? =+ (\/A—l-a—i—i\/A—a).

1
V2

This same result holds regardless of whether a is positive or negative.
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